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Abstract.
We present a theory of dark resonances in a fluorescence of a three-level atom gas
interacting with a polychromatic field of a frequency shifted feedback (FSF) laser.
We show that conditions for the resonance observation are optimal when the phase
relations between the laser spectral components provide generation of a light pulses
train. We study analytically the field broadening and the light shift of the resonances.
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1. Introduction
Investigations of the coherent population trapping (CPT) effect started at the seventies
of the last century [1–5] brought to the discovery of a number of related effects
and methods such as the electromagnetically-induced transparency effect [6–9], the
stimulated Raman adiabatic passage (STIRAP) [10–13], new methods of the laser
cooling [14], and creation of the miniaturized quantum frequency standards [15]. The
CPT effect can be used also for the magnetic field measurements [16, 17].
In the simplest case, the CPT effect appears when a 3-level atom with two long-
lived and one short-lived states interacts with the bichromatic laser radiation, and each
spectral component of this radiation excites the transition between the long-lived and
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short-lived states (the Λ-scheme of the atom-field interaction). In this case, there is a dip
(dark resonance) in the fluorescence intensity dependence on the difference frequency
between the two spectral components when this frequency difference is close to the
transition frequency between the long-lived states. The CPT effect is based on the
atom transition in a “coherent dark state”, i.e., in the superposition of the two long-
lived states which does not interact with the laser radiation.
The dark resonance linewidth depends on the duration of the coherent interaction
of an atom with the radiation. To increase this time, some amount of a buffer gas can
be introduced into the cell with active atoms. The active and buffer atom collision does
not practically change the long-lived states coherence whereas the active atom velocity
is drastically changed. If the collision rate is high enough, the fast flight of the active
atom through the laser beams is changed by the slow diffusion. Therefore, the duration
of coherent atom-field interaction increases and the resonance linewidth decreases.
Moreover, the deceleration of atomic movement along the laser light propagation
direction leads to the decreasing of a Doppler broadening of transition between the
two long-lived states (Dicke narrowing [18]). In a buffered cell with rubidium active
atoms, the dark resonances of 20–30 Hz linewidth have been observed [19, 20].
Nowadays, there is a growing interest to the dark resonances created by the
frequency comb radiation [21–25]. The dark resonance appears when the frequency
of the transition between the long-lived states is divisible by the frequency difference
of the adjacent field components. In the recent paper [25], the dark resonances were
observed in the field of the femtosecond laser radiation. In this case, the pulse repetition
frequency sets the frequency difference between the nearby spectral field components.
The electromagnetically induced transparency resonances (based on the CPT effect)
were observed in a sequence of picosecond pulses produced by a mode-locked diode
laser in [22]. The dark resonances of near-100% contrast was observed in the field
of a free running multimode laser interacting with sodium vapors [21]. If both the
frequency difference between the two nearby frequency components and the atomic
polarization relaxation rate caused by collisions with the buffer gas are much smaller
than the Doppler width of the optical transitions, the number of atoms contributing
into the dark resonance and, therefore, the dark resonance contrast increases due to a
large number of the polychromatic field frequency components.
The frequency shifted feedback (FSF) laser is one of the sources of a frequency comb
radiation [26]. The simplicity of the FSF laser radiation parameters control makes these
lasers very attractive for the dark resonances investigation. The acousto-optic modulator
(AOM) sets the frequency difference between the two nearby spectral components and
the resonator length together with the modulation frequency sets their phases.
The dependence of the spectral component phase on its sequence number is
quadratic in FSF lasers whereas it is linear in mode-locked lasers [26]. The spectral
component phases accounting is required in the description of the atom-comb interaction
because an atom can interact with several spectral components simultaneously (see
figure 1).
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In the present article we consider the behavior of the dark resonances created by the
field of the FSF laser radiation. We find how the dark resonance characteristics depend
on the AOM frequency and on the resonator length. For the simplicity, we consider the
interaction of a three-level atom with the FSF laser field. This model was successfully
applied to the description of the interaction of real atoms with polychromatic fields [23].
Obtained results are applicable to the dark resonance analysis both for cells with a
buffer gas and without it.
In section 2 we give an expression for the electric field of the FSF laser and
present the density matrix equation of the three-level atom in the laser radiation
field. In section 3 we derive the expression for the detected signal, i.e., for the part
of fluorescence which is responsible for the dark resonance. Then in section 4 and 5 we
consider the limiting cases when the optical coherence relaxation rate is large or small
in comparison with the Doppler width. Obtained results make it possible to find the
spectral component phase relations that are optimal for the dark resonance observation
and to analyze the light shift and the field broadening of the dark resonance. The main
results of the paper are summarized in section 6.
2. Basic equations
Let us suppose that the laser field interacting with a three-level atom induces the
transition |1〉 ↔ |3〉 and |2〉 ↔ |3〉 (see figure 1). States |1〉 and |2〉 are long-lived
states (one of them can be the stable state) and the atoms can spontaneously decay
from state |3〉 to the long-lived states with light emission. The laser field interacting
with the atoms is
E =
∑
n
En cos(knz − ωnt− ϕn), (1)
where En and ωn are the n-th spectral component amplitude and frequency respectively,
kn = ωn/c. The frequencies of spectral components are equidistant,
ωn = ω +̟n. (2)
Here the zero component number was chosen in such a way that ω0 = ω corresponds to
the spectral component of maximum intensity.
We use the following model for the dependencies of En and ϕn on the spectral
component number:
En = E0 exp
(
−n
2
n20
)
, ϕn = αn
2 + βn+ ϕ0. (3)
These expressions are specific for the FSF laser [26]. Variation of β is equivalent to the
change of the time origin and therefore not affect the atomic density matrix elements
evolution. The initial phase ϕ0 can be include in the phase of atomic state. Hereinafter
we assume β = 0, ϕ0 = 0. The coefficient α in (3) is determined by the AOM frequency
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|1〉
|2〉
|3〉
δ
Figure 1. Scheme of interaction between the three-level atom and the polychromatic
field with equidistant spectral components
giving the frequency difference ̟ between adjacent spectral components and by the
round-trip time τr = L/c required for radiation to pass the resonator perimeter L,
α =
1
2
τr̟. (4)
The equations for the atomic density matrix elements ρnm (n,m = 1 . . . 3) are
d
dt
ρnm =− i
~
∑
l
(Hnlρlm − ρnlHlm)
+
∑
kl
Γnm,klρkl +
(
Sˆρ
)
nm
,
(5)
where d
dt
= ∂
∂t
+ v ∂
∂z
is the total time derivative, v is the atomic velocity projection on
the laser radiation propagation direction, H is the Hamiltonian of the atom in the laser
field, Γnm,kl are the relaxation matrix elements, Sˆ is the collisional integral.
Let us suppose that the laser field which acts on the atom is small so that the
populations ρii, i = 1, 2, 3, are near to the equilibrium. Then we can solve the set of
equations for the density matrix only for the non-diagonal elements supposing that the
diagonal elements are in equilibrium. We use the strong collision approximation [27,28]
for the collisional term describing the coherence preserving collisions with rate ν in the
equation for ρ12. It means that there is no any correlation between the velocity of
the atom before and after one collision. Therefore, the equations for the non-diagonal
elements of the density matrix read
d
dt
ρ12 = − i
∑
n
(Ω1,nρ32 − Ω2,nρ13)
× cos(knz − ωnt− ϕn)
+
i
~
ω21ρ12 − γcohρ12
− ν [ρ12 −M(v)N12] , (6)
d
dt
ρ13 = − i
∑
n
(Ω1,n [ρ33 − ρ11]− Ω2,nρ12)
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× cos(knz − ωnt− ϕn)
+
i
~
ω31ρ13 − γ′ρ13, (7)
d
dt
ρ32 = i
∑
n
(Ω2,n [ρ33 − ρ22]− Ω1,nρ12)
× cos(knz − ωnt− ϕn)
− i
~
ω32ρ32 − γ′ρ32, (8)
where γ′ = γcol +
1
2
γsp +
1
2
γL is the ρ13 and ρ23 matrix elements relaxation rate which
depends additively on the collision rate of active atoms with buffer atoms (term γcol),
on the excited state spontaneous radiation rate γsp and on the laser field frequency
fluctuation (term with γL); the constant γcoh describes the relaxation of the coherence
of the long-lived states (density matrix element ρ12);
M(v) =
1
v0
√
π
exp
(
−v
2
v20
)
(9)
is the Maxwell distribution, v0 is the most probable velocity of the active atom, ~ωnm
(n,m = 1, 2, 3) is the difference of the atom energies in n and m states,
N12 =
∫
ρ12dv. (10)
The Rabi frequencies
Ω1,n = −1
~
End13, Ω2,n = −1
~
End23, (11)
characterize the interaction of n-th spectral field component with the atom. We consider
the Rabi frequencies as real because we can assume without loss of generality that
the dipole moment matrix elements d13 and d23 of the transitions between the states
|1〉 ↔ |3〉 and |2〉 ↔ |3〉 are real.
The normalization condition for the density matrix has the form
3∑
j=1
∫
ρjjdv = 1. (12)
We consider small laser fields Ω10 ≪ γ′, Ω20 ≪ γ′, so that the diagonal density
matrix elements are close to the equilibrium values. Then we put ρjj = pjM(v) into
equations (7), (8) where pj is a probability for the atom to be in the state |j〉. Since
the population of the excited state is very small (p3 ≪ p1, p2) we can neglect p3 in
comparison with p1 and p2.
Let us introduce the frequency detunings δ1 and δ2 of the maximum intensity
spectral component of the laser field (n = 0 in equation (2)) from the frequencies
ω31 and ω32 of transitions |1〉 ↔ |3〉 and |2〉 ↔ |3〉 as
δ1 = ω31 − ω,
δ2 = ω32 − ω = δ1 − ω21
(13)
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and substitute
ρ13 = σ13 exp (−ikz + iωt) ,
ρ32 = σ32 exp (ikz − iωt) .
(14)
into (6)–(8), where k = ω/c. In rotating wave approximation we neglect the rapidly
oscillating terms e±2iωt. Then the equations (6)–(8) read
d
dt
ρ12 = − i
2
∑
n
(
Ω1,nσ32e
iΦn − Ω2,nσ13e−iΦn
)
+ iω21ρ12 − γcohρ12 − ν [ρ12 −M(v)N12] , (15)
d
dt
σ13 =
i
2
∑
n
[Ω1,np1M(v) + Ω2,nρ12] e
iΦn
+ i (δ1 + kv)σ13 − γ′σ13, (16)
d
dt
σ32 = − i
2
∑
n
[Ω2,np2M(v) + Ω1,nρ12] e
−iΦn
− i (δ2 + kv) σ32 − γ′σ32, (17)
where Φn = n̟t + ϕn − nκz, κ = ̟/c. We seek for stationary solution of equations
(15)–(17) in the form
ρ12 =
∑
n
r12,ne
iΦn,
σ13 =
∑
n
r13,ne
iΦn,
σ32 =
∑
n
r32,ne
−iΦn,
(18)
where rlm,n does not depend on time and coordinate.
From the equations (16) and (17), we obtain:
r13,n =
iΩ1,np1M(v)
2 [γ′ − i (δ1 − n̟ + nκv + kv)]
+
∑
m
iΩ2,n−me
iϕm−iϕn+iϕn−mr12,m
2 [γ′ − i (δ1 − n̟ + nκv + kv)] , (19)
r32,n = − iΩ2,np2M(v)
2 [γ′ + i (δ2 − n̟ + nκv + kv)]
−
∑
m
iΩ1,m+ne
iϕm+iϕn−iϕm+nr12,m
2 [γ′ + i (δ2 − n̟ + nκv + kv)] . (20)
Substituting the expressions for σ13,n and σ32,n from equation (18) into equations (15)–
(17) and taking into account equations (19), (20), we obtain the equation for r12,n which
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reads
− M(v)
4
∑
m
(
p1Ω2,mΩ1,m+ne
−iϕm−iϕn+iϕm+n
γ′ − i[δ1 − (m+ n)̟ + kv]
+
p2Ω1,mΩ2,m−ne
iϕm−iϕn−iϕm−n
γ′ + i[δ2 − (m− n)̟ + kv]
)
+ i (ω21 − n̟) r12,n − γcohr12,n
− ν [r12,n −M(v)R12,n]
− 1
4
∑
m,l,j
(
Ω1,n+lΩ1,j+le
iϕn+l−iϕn+iϕj−iϕj+l
γ′ + i(δ2 − l̟ + kv)
+
Ω2,l−nΩ2,l−je
−iϕl−n−iϕn+iϕj+iϕl−j
γ′ + i(δ1 − l̟ + kv)
)
r12,j = 0.
(21)
Here we neglected the terms with κ in denominators owing to the condition κv/̟ =
v/c≪ 1 and introduced
R12,n =
∫
r12,ndv. (22)
We also neglected the coordinate derivative calculating d
dt
ρ12. Therefore, we neglect the
Doppler broadening of the two-photon transition |1〉 ↔ |2〉. It means that we assume
ω21
c
v0 < γcol.
If the solution of equation (21) is known, it is possible to obtain the optical
coherences and the atomic fluorescence intensity. In the next section we obtain the
expression for the fluorescence intensity describing the dark resonance.
3. Registered signal
Observing the dark resonance in the polychromatic laser field, one registers the
dependence of fluorescence intensity on the frequency difference ̟ between adjacent
spectral components. The fluorescence intensity is proportional to the number S
(hereinafter called the signal) of atoms excited by the laser field into the state |3〉 per
unit of time,
S = i
∑
n
∫
[Ω1,n (ρ31 − ρ13) + Ω2,n (ρ32 − ρ23)]
× cos(knz − ωnt− ϕn) dv.
(23)
Averaging the expression (23) over time, we obtain the expression for the registered
signal,
〈S〉 =
∑
n
∫
Im (r13,nΩ1,n − r32,nΩ2,n) dv. (24)
Note that this result does not depend on the coordinate.
When we substitute equations (19) and (20) into equation (24), the contribution of
the summands which does not contain sums is proportional to the square of the laser
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field amplitude. This contribution (determined by γ′ and Doppler width kv0 of the
optical transition) is practically constant in the vicinity of the CPT resonance. A part
S˜ of the registered signal determined by the CPT resonance can be obtained by the
substitution of the terms of equations (19) and (20) containing r12,m into equation (24),
S˜ = Re
∫ ∑
m,n
(
Ω1,nΩ2,n−me
iϕm−iϕn+iϕn−m
2 [γ′ − i(δ1 − n̟ + kv)]
+
Ω1,nΩ2,n−me
iϕm−iϕn+iϕn−m
2 [γ′ + i(δ2 − (n−m)̟ + kv)]
)
r12,m dv.
(25)
In the next sections we consider the signal S˜ for different relations between the
optical coherence relaxation rate γ′, the Doppler width kv0, the frequency ω21 of the
transition between the two long-lived states, and the width n0̟ of the FSF laser
radiation spectrum.
4. Large optical coherence relaxation rate
When the optical coherence relaxation rate is larger than the Doppler width
γ′ ≫ kv0, (26)
we can neglect the velocity containing terms in denominators of (21) and (25) and
perform the integration over velocity. Integration of the signal (25) gives the expression
for the signal that contains R12,m. The equations for R12,m can be found by integration
of equation (21) over velocity. It is important that after this integration, equation (21)
does not depend on the coherence preserving collision rate ν. So, we conclude that
the amplitude and the shape of the dark resonance do not depend on ν if inequality
(26) is fulfilled. Below we consider the cases of “broad-band” and “narrow-band” (in
comparison with γ′) spectrum of laser radiation.
4.1. The narrow-band spectrum of laser radiation
In this subsection we consider the case when the expression (25) for the signal takes an
especially simple form. Let us suppose that the optical coherence relaxation rate γ′ is
large in comparison with the laser spectrum width n0̟ and with the detuning δ1 of the
laser spectral component of maximal intensity from the transition frequency between
states |1〉 and |3〉,
γ′ ≫ n0̟, γ′ ≫ |δ1|. (27)
As a result of the first inequality in (27), an inequality γ′ ≫ ω21 is also valid.
It is evident from the structure of equations (21) that all r12,n are small in
comparison with r12,m˜, where m˜ is determined from the condition of |ω21 − m˜̟|
minimum. Taking into account only the summand with j = m˜ in equation for r12,m˜
we see that if the conditions (26) and (27) are fulfilled, the coefficient at r12,m˜ in the
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second sum of equation (21) is real. Therefore, the second sum in equation (21) describes
the field broadening. This broadening is small in comparison with γcoh if
γ′γcoh ≫ n0(Ω21,0 + Ω22,0). (28)
In this subsection we assume that the inequality (28) is valid and, therefore, we neglect
the field broadening. Then, from the equations (21) and (25), we obtain
S˜ = −Re
∑
n,m,l
Ω1,nΩ2,n−mΩ1,lΩ2,l−m
4γ′2 [γcoh − i(δ + (m˜−m)̟)]
× e−iϕn+iϕn−m+iϕl−iϕl−m,
(29)
where the two-photon detuning
δ = ω21 − m˜̟ (30)
is introduced. The main contribution into the sum over m in the expression (29) comes
from summands with m = m˜ because the frequency difference ̟ between adjacent
spectral components is much larger than the relaxation rate γcoh of the coherence
between |1〉 and |2〉 states. An example of the dependence of the signal (29) at two-
photon resonance (δ = 0) on the parameter α determining the spectral field component
phases is presented in figure 2. One can see that the signal is maximal when α is
divisible by π/m˜. These values of α can be also obtained from the expression for the
linear combination of the phases in the exponent in the expression (29)
ϕl − ϕn + ϕn−m − ϕl−m = 2αm(l − n). (31)
The right hand side of the equation (31) is divisible by 2π for the summands withm = m˜
(which give the main contribution into the signal) and with any l and n, if α = αj where
αj =
π
m˜
j, j is integer. (32)
Therefore, the contributions of the terms with different n and l are summed. If the
difference between α and αj is of order of
∆α = 1/(mn0), (33)
the part of summands in expression (29) has different signs, and the signal magnitude
decreases. Figure 2 shows that the equation (33) is in good accordance with the
numerical simulation result: if |α− αj| & 2∆α the signal practically vanishes.
This effect can be explained qualitatively in a different way. The scheme of the
interaction between an atom and the laser field shown in figure 1 can be considered
as a set of Λ-systems. We will call the Λ-system formed by n-th and p-th laser field
component acting at |1〉 ↔ |3〉 and |2〉 ↔ 3〉 transition respectively as Λn,p. For each
Λn,p-system, the dark state, i.e. the coherent superposition of states |1〉 and |2〉 that does
not interact with n-th and p-th components of laser radiation, exists. However, these
dark states depend on the relative phase ϕn,p = ϕn − ϕp of laser components acting on
the arms of Λn,p-system. From the equation (3) we can see that ϕn,n−m = 2αmn−αm2.
If the frequency difference ̟ between adjacent laser components becomes larger than the
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−0.6
−0.2
S˜/|S˜|
max
α/pi
Figure 2. The normalized signal at two-photon resonance (δ = 0) versus α for n0 = 10,
m˜ = 5, ̟ = 10γcoh. Dashed line corresponds to the difference ∆α between α and α1
coherence relaxation γcoh, i.e. ̟ ≫ γcoh, only Λn,n−m˜-systems with an arbitrary n gives
the contribution into the dark resonance. The dark states of Λn,n−m˜- and Λl,l−m˜-systems
coincide when ϕn,n−m˜−ϕl,l−m˜ = 2αm˜(n− l) is divisible by 2π and therefore interference
between them is constructive. This condition is fulfilled for any numbers of n and l
only when α = αj. If the condition |α− αj| > ∆α is fulfilled for any j, the destructive
interference between various Λ-systems (the “dark state” for one Λ-system occurs to
be the most light absorbing state for another Λ-system, etc.) leads to the considerable
decreasing of the dark resonance amplitude. It is the interference of the different Λ-
schemes contribution to the CPT resonance signal of an atom in a polychromatic field
that distinguish behavior of the CPT resonances in the polychromatic and bichromatic
fields.
Figure 3 shows the time dependence of the FSF laser radiation intensity for α close
to α1 and αm˜ = π. As one can see from figure 3a, if α = α1, the laser radiation field is a
sequence of light pulses that follow each other with a period of T/5, where T = 2π/̟.
Variation of α on ∆α leads to more than twofold decrease of the amplitude and to
the considerable broadening of the pulses. Another change of α on ∆α leads to the
distortion of the periodical light pulse sequence. In the case of α = π (figure 3b) the
laser field consists of the sequence of light pulses with the repetition period T . Increasing
of |α − π| leads to decreasing of the pulse amplitude and to the broadening of pulses.
Therefore, the optimal conditions for the dark resonance formation are satisfied when
the time dependence of the laser radiation is the periodical sequence of the light pulses
of the maximal amplitude. Both values of α corresponding to pulses of the maximal
amplitudes are the particular cases of the special lasing regimes in which the FSF laser
emits a train of the short pulses [26]. In general case, the laser emits such pulses when
α = πn/m where n and m are integer.
If α is close to the optimal values αj , the dependence of the signal on the two-photon
detuning is well described by a Lorentzian curve with a HWHM γcoh. Summands with
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−1 −0.5 0 0.5 1
0
0.4
0.8
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t/T
(b)
−1 −0.5 0 0.5 1
0
0.4
0.8
I, a.u.
t/T
(a)
Figure 3. Time dependence of the laser field intensity in arbitrary units for n0 = 10.
a) α = α1 (thick solid line), α = α1 + ∆α (dashed line), α = α1 + 2∆α (thin solid
line); b) α = π (thick solid line), α = π +∆α (dashed line), α = π + 2∆α (thin solid
line)
m 6= m˜ lead to the small shift δs of the signal minimum from the two-photon resonance
δs = −
[
∂
∂δ
S˜
(
∂2
∂δ2
S˜
)−1]
δ=0
. (34)
The dependence of the shift (34) on the difference α−αj for parameters corresponding
to figure 2 is shown in figure 4. As one can see, δs|α=pi is approximately 40 times greater
than δs|α=pi/m˜. The reason for this difference is that at α = π the summands in the
expression (29) have the same signs due to multiple of 2π argument of cosine and sine
functions whereas for α = π/m˜ only the part of summands have the argument which
is divisible by 2π. Other summands has different values of cosine and sine arguments
and these values are distributed approximately homogeneously in the interval [0, 2π] if
m˜ is large. As a result, the sum of summands containing Lorentzians with m 6= m˜ is
reduced.
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−0.0010
−0.0006
−0.0002
δs/γcoh
(α− αj)/pi
Figure 4. Dependence of the shift of the dark resonance minimum from the exact two-
photon resonance on α− αj for j = 1 (solid line) and j = 5 (dashed line). Parameters
are the same as for figure 2
4.2. Broad-band spectrum of the laser radiation
In this section we suppose that only the condition (26) is valid whereas the relations
between the width of the laser spectrum, the frequency of |1〉 ↔ |2〉 transition and
the optical coherences relaxation rate γ′ are arbitrary. In the previous subsection we
established that the main contribution into the equation (21) and the signal (25) comes
from summands with r12,m˜, namely from the summands with m = m˜. These summands
are responsible for the two-photon transitions between the long-lived states in the two-
photon resonance conditions when the frequency difference between spectral components
is close to the frequency of transition |1〉 ↔ |2〉. The other summands result in the
small shift of the CPT resonance position from the two-photon resonance. Neglecting
this small shift, from the equations (21) and (25) we obtain
S˜ = Re
∑
n
(
Ω1,nΩ2,n−m˜e
iϕm˜−iϕn+iϕn−m˜
2 [γ′ − i(δ1 − n̟)]
+
Ω1,nΩ2,n−m˜e
iϕm˜−iϕn+iϕn−m˜
2 [γ′ + i(δ2 − (n− m˜)̟)]
)
R12,m˜.
(35)
where
R12,m˜ = − 1
4 [γcoh + γb − i (δ − δf )]
×
∑
m
(
p1Ω1,mΩ2,m−m˜e
iϕm−iϕm˜−iϕm−m˜
γ′ − i[δ1 −m̟]
+
p2Ω1,mΩ2,m−m˜e
iϕm−iϕm˜−iϕm−m˜
γ′ + i[δ2 − (m− m˜)̟]
)
.
(36)
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In the expression for R12,m˜, γb is the field broadening width and δf is the dark resonance
light shift. They read
γb =
γ′
4
∑
l
(
Ω21,l
γ′2 + (δ1 − l̟)2
+
Ω22,l
γ′2 + (δ2 − l̟)2
)
,
(37)
δf =
1
4
∑
l
(
Ω21,l(δ1 − l̟)
γ′2 + (δ1 − l̟)2
− Ω
2
2,l (δ2 − l̟)
γ′2 + (δ2 − l̟)2
)
.
(38)
It is easy to see from the equations (35) and (36) that if α is determined by the expression
(32), the contributions with different values of n, m into the signal are summed, and
the signal is maximal. If α differs from the optimal values defined by expression (32),
the signal decreases due to the presence of the summands with different phases.
If γ′ ≫ ̟ and n0 ≫ 1, the summation in the expression (38) for the light shift
can be replaced by the integration over l. The analytical expression of the integral for
the Gaussian spectral distribution of intensity cannot be obtained. For estimations we
replace the Gaussian spectral distribution by the Lorentzian distribution
Ω2j,l = Ω
2
j,0
(
1 +
2πl2
n20
)−1
. (39)
Replacing summation by integration in the expression (38) and taking into account the
expression (39) we find
δf = ∆1 −∆2, (40)
where
∆j =
Ω2j,0n0δj
√
π3
[(√
2π
√
2γ′ − n0̟21/4
)2
+ 2π
√
2δ2j
]
4
[
4π2
(
δ2j + γ
′2
)2
+ n20̟
2
(
n20̟
2 + 4πδ2j − 4πγ′2
)] . (41)
Figure 5 shows examples of the light shift dependencies on the detuning δ1 of the laser
radiation spectrum maximum from the frequency of transition |1〉 ↔ |3〉 calculated
using the expressions (38) and (40). One can see that the results calculated using both
formulae are in good correspondence when δ1 is small (of order of γ
′). This enables
us to find from (40) the value of δ1 = δz for which the light shifts caused by the field
acting at |1〉 ↔ |3〉 and |2〉 ↔ |3〉 transitions compensate one another. If the spectrum
is broad-band (n0̟ ≫ γ′) and if the dipole matrix elements of the transition |1〉 ↔ |3〉,
|2〉 ↔ |3〉 are different, we find
δz =
ω21Ω
2
2,0
Ω22,0 − Ω21,0
=
ω21d
2
23
d223 − d213
. (42)
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Figure 5. The dependence of the light shift on the detuning δ1 of the maximal
intensity spectral component frequency from the frequency of transition between states
|1〉 and |3〉. Parameters: γ′ = ω21 = 1000γcoh, ̟ = 20γcoh, n0 = 400. The
Rabi frequencies corresponding to the maximal intensity spectral components are:
1 – Ω1,0 = 5γcoh, Ω2,0 = 10γcoh, 2 – Ω1,0 = 10γcoh, Ω2,0 = 5γcoh. Solid line –
the expression (38) evaluation, dashed line – the expression (40) evaluation. The
magnitudes of δz calculated using (42) are shown by vertical segments.
Here we used the equality Ω1,0/Ω2,0 = d13/d23. Let us note that if δ1 = δz and the
parameters of the atom-field interaction correspond to figure 5, the magnitude of the
signal is close to a maximum.
5. Small optical coherence relaxation rate
The case when γ′ is small in comparison with the Doppler width of the spectrum,
γ′ ≤ kv0, (43)
we consider in the approximation (28) neglecting the field broadening and the light
shifts. From the expressions (21) and (25) we find that
S˜ =− 1
8
Re
∑
n,m,l
∫
Ω1,lΩ2,l−mΩ1,nΩ2,n−me
iϕl−iϕl−m−iϕn+iϕn−m
× (2γ′ − iδ − im˜̟ + im̟) [γ′ − i (δ1 − n̟ + kv)]−1
× [γ′ + i (δ1 − δ − n̟ +m̟ − m˜̟ + kv)]−1
×
(
p2
γ′ + i [δ1 − δ − (l + m˜−m)̟ + kv]
+
νp2F ([δ1 − δ − l̟ +m̟ − m˜̟] /γ′)
γ′ [γcoh − i (δ + m˜̟ −m̟)] +
+
p1
γ′ − i [δ1 − l̟ + kv] +
νp1F ([δ1 − l̟] /γ′)∗
γ′ [γcoh − i (δ + m˜̟ −m̟)]
)
× M(v)
γcoh + ν − i (δ + m˜̟ −m̟) dv.
(44)
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Figure 6. The dependence of the normalized signal at two-photon resonance (δ = 0)
on α for n0 = 5, m˜ = 5, ̟ = 200γcoh, p1 = p2 = 0.5, kv0 = 5000γcoh, ν = 0. Solid line
corresponds to γ′ = 10γcoh, dashed line corresponds to γ
′ = 20γcoh
Here we introduce the function of dimensionless variable x
F (x) =
∞∫
−∞
γ′M(v)
γ′ + i(γ′x+ kv)
dv. (45)
If γ′ ≪ kv0 and γ′ ≪ ̟ but γ′ ≫ γcoh, the main contribution into the signal (44)
comes from the summands with m = m˜, l = n. Therefore the triple summation is
reduced to a single one and the result of summing does not depend on the phases of the
spectral components of the field. Figure 6 shows the weak, more weak than in figure 2,
dependence of the signal at two-photon resonance on α that decreases with decreasing
of γ′.
In contrast to the case of large optical coherence relaxation rate γ′ ≫ kv0 considered
above, when the signal does not depend on the rate ν of coherence preserving collisions,
in the case γ′ ≤ kv0 the signal strongly depends on ν. Examples of dependencies of
the signal on δ for γ′ > ̟ are shown in figure 7. One can see that increasing of ν
leads to the initial increasing and subsequent decreasing of the dark resonance HWHM.
Figure 8 shows the dependence of the signal on the collision frequency if the condition
of two-photon resonance is fulfilled. One can see that increasing of ν leads to decreasing
of registered signal, fast initially and slow at ν ≫ γcoh.
This effect can be explained qualitatively in the following way. If γ′ ≫ kv, the
certain atom after each collision remains being interacting with the same components
of laser radiation as before the collision, i.e., with all the components whose Doppler-
shifted frequencies ωn − kv are close enough to the optical transition frequencies ω31 or
ω32 in the atom, |ωn − ω31,32 − kv| << γ′, therefore velocity changes due to collisions
with the buffer gas atoms do not lead to any additional broadening or shift of the dark
resonances. If γ′ ≤ kv, any collision will modify the set of the laser components that
interacts with the atom. Therefore the collisional rate ν occurs to be an important
parameter determining the dark resonance properties.
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Figure 7. The dependence of the signal (normalized to unit magnitude at two-
photon resonance) on the two-photon detuning for n0 = 10, m˜ = 10, ̟ = 50γcoh,
p1 = p2 = 0.5, kv0 = 2000γcoh, α = π, γ
′ = 200γcoh. The curves are marked by the
magnitude of ν/γcoh
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Figure 8. The dependence of the normalized signal on the collision preserving
frequency at two-photon resonance condition (δ = 0) for n0 = 10, m˜ = 10, ̟ = 50γcoh,
p1 = p2 = 0.5, kv0 = 2000γcoh, γ
′ = 200γcoh; solid line corresponds to α = π/m˜,
dashed line corresponds to α = π
We should keep in mind that parameters γ′, γcoh and ν are not independent. While
γ′ and ν increase linearly with the buffer gas pressure, γcoh decreases approximately
as a square root of the pressure. Without buffer gas, γcoh is approximately equal to
the inverse time of flight of an atom through the laser beam, and in buffered cells it
is approximately equal to the inverse time of diffusion of an atom out of the beam
(this dependence occurs to be more complicated if an atom can return back to the
laser beam without loss of the coherence, see [29,30]). When we consider the coherence
preserving collisions rate as an independent parameter calculating the dependencies
shown in figure 8 we just estimate its influence on the registered signal magnitude.
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6. Conclusions
We present the theory of the dark resonances in a fluorescence of a three-level atom gas
interacting with a polychromatic field of a frequency shifted feedback (FSF) laser. We
show that conditions for the resonance observation are optimal when the phase relations
between the laser spectral components provide generation of a light pulses train. We
study analytically the field broadening and the light shift of the resonances.
The expressions for the field broadening width and light shift of the dark resonances
are found for the large (in comparison with Doppler width) optical coherence relaxation
rate.
We found the condition on the detuning of the spectral component with maximal
intensity from the transition frequency between one of the long-lived states and the
short-lived state that provides zero value of the light shift. This condition does not
depend on the laser field strength.
It is shown that increasing of the coherence preserving collisions rate leads to
decreasing of the signal. This decreasing is quick at small collision rate and becomes
more slow with increasing of the collision rate.
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